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k-connected degree sequences
Jonathan McLaughlin
Abstract. Necessary and sufficient conditions for a sequence of positive
integers to be the degree sequence of a k-connected simple graph are
detailed. Conditions are also given under which such a sequence is nec-
essarily k-connected.
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1. Introduction
Necessary and sufficient conditions for a sequence of non-negative integers to
be connected i.e. the degree sequence of some finite simple connected graph,
are implicit in Hakimi [4] and have been stated explicitly by the author
in [5] and expounded on in [6]. This note builds upon these conditions of
Hakimi and details necessary and sufficient conditions for a sequence of non-
negative integers to be k-connected. The note concludes with necessary and
sufficient conditions for a sequence of non-negative integers to be necessarily
k-connected i.e. the sequence can only be realised as a k-connected graph.
2. Preliminaries
Let G = (VG, EG) be a graph where VG denotes the vertex set of G and
EG ⊆ [VG]
2 denotes the edge set of G (given that [VG]
2 is the set of all 2-
element subsets of VG). An edge {a, b} is denoted ab. A graph is finite when
|VG| < ∞ and |EG| < ∞, where |X | denotes the cardinality of the set X .
The union of graphs G and H is the graph G ∪ H = (VG ∪ VH , EG ∪ EH)
and G ∪ ab is understood to be the graph (VG, EG) ∪ ({a, b}, {ab}). A graph
is simple if it contains no loops (i.e. aa 6∈ EG) or parallel/multiple edges (i.e.
{ab, ab} 6⊆ EG). The degree of a vertex v in a graph G, denoted deg(v), is
the number of edges in G which contain v. A graph where all vertices have
degree k is called a k-regular graph. A path is a graph with n vertices in
which two vertices, known as the endpoints, have degree 1 and n− 2 vertices
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have degree 2. A graph is connected if there exists at least one path between
every pair of vertices in the graph. Paths P1 and P2, both with endpoints
a and b, are internally disjoint if P1 ∩ P2 = ({a, b}, {}). A graph G is k-
connected when there exists at least k internally disjoint paths in G between
any two vertices in G. This characterisation of a graph being k-connected is
synonymous with Menger’s Theorem. Kn denotes the complete graph on n
vertices. The complement of a simple graph G is the simple graph G with
vertex set VG and edge set the pairs of vertices in VG which are not contained
in EG. All basic graph theory definitions can be found in standard texts such
as [1], [2] or [3].
3. Degree sequences
A finite sequence s = {s1, ..., sn} of non-negative integers is called graphic if
there exists a finite simple graph with vertex set {v1, ..., vn} such that vi has
degree si for all i = 1, ..., n. Given a graph G then the degree sequence d(G)
is the monotonic non-increasing sequence of degrees of the vertices in VG.
This means that every graphical sequence s is equal to the degree sequence
d(G) of some graph G (subject to possible rearrangement of the terms in s).
Definition 3.1. A finite sequence s = {s1, ..., sn} of positive integers is called
k-connected if there exists a finite simple k-connected graph with vertex set
{v1, ..., vn} such that deg(vi) = si for all i = 1, ..., n.
A finite sequence s = {s1, ..., sn} of positive integers is called necessarily k-
connected if s can only be realisable as a simple k-connected graph.
Given a sequence of positive integers s = {s1, ..., sn} then define the asso-
ciated pair of s, denoted (ϕ(s), ǫ(s)), to be the pair (n, 12
n∑
i=1
si). Where no
ambiguity can arise, (ϕ(s), ǫ(s)) is simply denoted (ϕ, ǫ).
4. Results
Theorem 4.1. Given a sequence s = {s1, ..., sn} of positive integers, with
the associated pair (ϕ, ǫ), such that si ≥ si+1 for i = 1, ..., n − 1 then s is
k-connected if and only if
• ǫ ∈ N,
• s1 ≤ ϕ− 1 and sn ≥ k,
• kϕ2 ≤ ǫ ≤
(
ϕ
2
)
.
Proof. (⇒) Clearly ǫ ∈ N is a necessary condition for any sequence s to be
realisable as half the sum of the degrees in any graph is the number of edges
in that graph which must be a natural number. The necessity of the condition
s1 ≤ ϕ − 1 follows from the definition of a simple graph and the need for
sn ≥ k is due to the fact that every vertex in a k-connected graph has degree
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The necessity of the condition ǫ ≥ kϕ2 follows from the observation that the
minimum possible ǫ of any k-connected sequence is ǫ = kϕ2 which is contained
in the associated pair of s = {k, ..., k}︸ ︷︷ ︸
ϕ
, the degree sequence of a k-regular
graph. Note that ǫ must be even, by definition, and this occurs whenever ϕ
and k are not both odd (as there cannot exist a k-regular graph, where k is
odd and the number of vertices is also odd). If both ϕ and k are odd, then
the minimum possible ǫ of any k-connected sequence is ǫ = kϕ+12 which is
contained in the associated pair of s = {k + 1, k, ..., k}︸ ︷︷ ︸
ϕ
. To show the necessity
of the condition ǫ ≤
(
ϕ
2
)
, the parity of ϕ is irrelevant. When maximising ǫ it
follows that the maximum possible ǫ of any k-connected sequence is ǫ =
(
ϕ
2
)
which is contained in the associated pair of s = {ϕ− 1, ..., ϕ− 1}︸ ︷︷ ︸
ϕ
, the degree
sequence of the complete graph Kϕ.
It remains to show that, for a fixed ϕ, all sequences with kϕ2 < ǫ <
(
ϕ
2
)
are
realisable. Suppose that ϕ and k are not both odd and k < ϕ− 1. To ensure
that ǫ remains even, two terms in {k, ..., k} must be incremented by one to
give {k + 1, k + 1, k, ..., k}. Given that {k, ..., k} is realisable as a k-regular
graph G then {k+1, k+1, k, ..., k} is realisable as G∪ab where ab ∈ G. This
incrementing of two terms in a graphic sequence can be continued until the
sequence with ǫ =
(
ϕ
2
)
is reached and this process is summarised in Figure
1.
s = {s1, . . . , sn} ǫ |EG|
{k, . . . , k} kϕ2
kn
2
{k + 1, k + 1, k, . . . , k} kϕ+22
kn
2 + 1
...
...
...
{n− 1, . . . , n− 1}
(
ϕ
2
) (
n
2
)
Figure 1. k-connected degree sequences when ϕ and k are
not both odd.
A similar argument exists when ϕ and k are both odd, with k < ϕ − 1, and
this argument is summarised in Figure 2.
(⇐) Suppose that s = {s1, ..., sn} is k-connected. This means that s is the
degree sequence of a k-connected graph G, hence
n∑
i=1
deg(vi) = 2|VG| and
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s = {s1, . . . , sn} ǫ |EG|
{k + 1, k, . . . , k} kϕ+12
kn+1
2
{k + 2, k + 1, k, . . . , k}, {k + 1, k + 1, k + 1, k, . . . , k} (kϕ+1)+22
kn+1
2 + 1
...
...
...
{n− 1, . . . , n− 1}
(
ϕ
2
) (
n
2
)
Figure 2. k-connected degree sequences when ϕ and k are
both odd.
so ǫ ∈ N. As G is k-connected then deg(vi) ≥ k for all i = 1, ..., n hence
if G is a minimally k-connected graph on n vertices then d(G) = {k, ..., k}
with |EG| =
kn
2 if n and k are not both odd or d(G) = {k + 1, k, ..., k} with
|EG| =
kn+1
2 if n and k are both odd, hence sn ≥ k and ǫ ≥
kϕ
2 . As G
is simple then deg(vi) ≤ n − 1 for all i = 1, ..., n and the maximal simple
(k-connected) graph on n vertices is the complete graph Kn which has the
degree sequence {n − 1, ..., n − 1} and |EKn | =
(
n
2
)
, hence s1 ≤ n − 1 and
ǫ ≤
(
ϕ
2
)
. To show that k-connected graphs exist for each |EG| ∈ N such that
kn
2 < |EG| <
(
n
2
)
refer to the argument showing the existence of graphic
sequences with kϕ2 < ǫ <
(
ϕ
2
)
detailed above, along with Figures 1 and
2. 
Theorem 4.2. Given a sequence s = {s1, ..., sn} of positive integers, with
the associated pair (ϕ, ǫ), such that si ≥ si+1 for i = 1, ..., n − 1 then s is
necessarily k-connected if and only if s is k-connected and ǫ >
(
ϕ−2
2
)
+2k−1.
Proof. (⇒) Clearly it is necessary for s to be k-connected if it is to be neces-
sarily k-connected. It is required to show that it is necessary for ǫ >
(
ϕ−2
2
)
+
2k − 1. Consider a sequence s = {s1, ..., sn} such that ǫ =
(
ϕ−2
2
)
+ 2k − 1.
Observe that one such sequence is s′ = {n− 1, ..., n− 1︸ ︷︷ ︸
k−1
, n− 3, ..., n− 3︸ ︷︷ ︸
n−k−1
, k, k︸︷︷︸
2
}
where ϕ(s′) = k−1+n−k−1+2 = n and ǫ(s′) = (k−1)(n−1)+(n−k−1)(n−3)+2k2
= (n−k−1+k−1)(n−3)+2(k+k−1)2 =
(n−2)(n−3)+2(2k−1)
2 =
(
n−2
2
)
+ 2k − 1 .
Observe that s′ = d(G1), see Figure 3, whereG1 = H1∪H2 withH1 ≃ Kk+1,
H2 ≃ Kn−2 and H1∩H2 ≃ Kk−1. Note that as G1\(H1∩H2) is disconnected
and that H1∩H2 ≃ Kk−1 (i.e. |VH1∩H2 | = k−1) then G1 is (k−1)-connected.
However, s′ = {n− 1, ..., n− 1︸ ︷︷ ︸
k−1
, n− 3, ..., n− 3︸ ︷︷ ︸
n−k−1
, k, k︸︷︷︸
2
} is, in fact, k-connected
as s′ is also the degree sequence of G2, see Figure 3 (noting that vivj ∈ EG1
but vivj 6∈ EG2). Therefore, it is required that ǫ >
(
n−2
2
)
+ 2k − 1 if s is to
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Figure 3. For k ≥ 1 and s′ = {n−1, ..., n−1, n−3, ..., n−
3, k, k} = d(G1) = d(G2).
be necessarily k-connected.
Note that Figures 4, 5 and 6 are, respectively, the k = 1, 2 and 3 versions
of Figure 3.
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Figure 4. k = 1 and s′ = {n− 3, ..., n− 3, 1, 1} = d(G1) = d(G2).
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Figure 5. k = 2 and s′ = {n − 1, n − 3, ..., n − 3, 2, 2} =
d(G1) = d(G2).
(⇐) It is now required to show that if s is k-connected and ǫ >
(
n−2
2
)
+2k−1
then s is necessarily k-connected. To show this it is required to show that
the maximum number of edges in a graph with n vertices which is not k-
connected is
(
n−2
2
)
+ 2k − 1. The graph G1 in Figure 3 shows that such a
graph exists, so it remains to show that a graph with ǫ =
(
n−2
2
)
+ 2k − 1
is maximally (k − 1)-connected i.e. adding one edge will always result in a
k-connected graph.
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Figure 6. k = 3 and s′ = {n−1, n−1, n−3, ..., n−3, 3, 3}=
d(G1) = d(G2).
Observe that any maximally (k−1)-connected graph G on n vertices will nec-
essarily contain a cut set C containing k−1 vertices. This means that G\C is
disconnected. To maximise the number of edges in G it is clear that G\C con-
tains two connected components i.e. G = H1∪H2 where VH1 ∩VH2 = C with
H1 ≃ Ka+|C|, H2 ≃ Kb+|C| and H1∩H2 ≃ K|C| (noting that a+b = n−|C|).
So, the task of maximising |EH1\C |+ |EH2\C | is equivalent to minimising the
number of edges in a complete bipartite graphKa,b as Kn\(EH1∪H2) ≃ Ka,b.
Let a + b = n − |C|, with a ≤ b, then |EKa,b | = ab where a, b ∈ {1, ..., n −
|C| − 1}. Note that a > 0 as G \ C is disconnected i.e. Ka 6= K0 = (∅,∅).
It is straightforward to show that ab attains its maximum at a = b = n−|C|2 ,
when n is even, and at a = ⌊n−|C|2 ⌋, b = ⌈
n−|C|
2 ⌉ when n is odd. It follows
that ab is minimised when a = 1 and b = n− |C| − 1. However, observe that
a > 1 as a = 1 implies that H1 ≃ K|C|+1 which means that d(G) contains a
term equal to |C| = k − 1, but this contradicts the sn ≥ k condition. Hence
|EKa,b |, with a+ b = n − |C|, is minimised when a = 2 and b = n− |C| − 2
and so any maximally (k − 1)-connected graph on n vertices is isomorphic
to H1 ∪H2 where H1 ≃ Kk+1, H2 ≃ Kn−k−1 and H1 ∩H2 ≃ Kk−1, see G1
in Figure 3. Notice that the union of G1 and any edge in G1 results in a
k-connected graph. 
Corollary 4.3. All simple graphs with n vertices and at least n
2−5n+6+4k
2 edges
are k-connected.
Proof. As shown in Theorem 4.2, a maximally (k − 1)-connected graph with
n vertices is isomorphic to the union of H1 ≃ Kk+1 and H2 ≃ Kn−2 where
H1 ∩ H2 ≃ Kk−1 and such a graph has |EKk+1 | + |EKn−2 | − |EKk−1 | =(
n−2
2
)
+
(
k+1
2
)
−
(
k−1
2
)
=
(
n−2
2
)
+ (k+1)k2 −
(k−1)(k−2)
2 =
(
n−2
2
)
+ 4k−22 edges.
Hence, any simple graph with n vertices and at least
((
n−2
2
)
+ 2k − 1
)
+1 =
(n−2)(n−3)+4k
2 edges is k-connected. 
Note that for all n, k ∈ N, n2 − 5n is even and n2 − 5n+ 6 + 4k > 0, hence
n2−5n+6+4k
2 ∈ N.
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